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Abstract—This paper presents a novel framework for modeling 
and reasoning about the knowledge of agents in continuous dynamics 
environment. In particular, the paper proposes a new formal logic 
called a Hybrid Hierarchical Epistemic Logic (HHEL) that integrates 
in the same framework HRCTL, hierarchical hybrid automata logic, 
with the logic of knowledge (epistemic logic). To do so, the paper 
extends the underline interpreted systems of the epistemic logic with 
the formal semantics of hierarchical hybrid automata. As a result of 
the previous extension, a hybrid hierarchical interpreted system is 
defined which is used to interpret the formulas  of HHEL. The 
proposed HHEL allows us to formally specify those properties that 
cannot be expressed by using either epistemic or HRCTL    logic. 

 
I. INTRODUCTION 

Hybrid automata [23] were coined as the formal mathe- 
matical model of those hybrid systems that integrate in the 
same framework both discrete and continuous behaviors of  
the system. They extends the traditional finite state automata 
by adding differential equations inside the states. In the later 
integration, the transitional behaviors of the finite automaton 
model the discrete change of a system, whereas the differential 
equations model the continuous changes of the system. Lot of 
work, for example [33, 34, 12, 18, 13, 28], used hybrid 
automata to formally model behaviors of Multi-agent systems 
that are situated in continuous changes safety critical envi- 
ronment. By a critical system it means a system that has to 
fulfill critical properties, such as real-time, safety and security 
properties. A great advantage of hybrid automata is that their 
semantics are accessible for formal verification using model 
checking [11]. For this purpose, several model checkers are 
available [26, 17, 7]. A bunch of real time temporal logics 
were proposed in the literature to specify the requirements of 
the systems modeled using hybrid automata [4, 14, 29, 1, 38]. 

However, hybrid automata have shortage for supporting 
modularity. Modeling a complex group of agents needs a 
description of the internal behaviors of  every  agent  along 
with the description of the interactions among agents.  All 
these details should be visible at the same level. This in turn 
makes a messy model of the complex system. To cope with 
this problem, the author and other colleagues proposed an 
integration of the state hierarchy  of  UML  state-charts  and 
the semantic of hybrid automata constituting the so-called 
hierarchical hybrid automata [41, 39, 19]. To model and verify 
behavior of systems using Hierarchical hybrid automata, a tool 
called HieroMate was implemented [40,  48]. 

On the other hand, reasoning about the continuous dynam- 
ics of a group of agents in many application is not enough. 

Agents also need to reason about the knowledge of other 
agents. One of the primary concerns in MAS and artificial 
intelligence is reasoning about Knowledge [16]. Several formal 
logics and theories have been suggested to reason about the 
knowledge of a group of agents. One of these successful logics 
is epistemic logic [50] that extends the modal logics [10] with 
knowledge operators. [27] is considered one of the first work 
that used epistemic logic to reason about   MAS. 

Even though epistemic logic, together with its possible real 
time extension [49, 30], is enough  in  several applications, it  
is highly desirable in some applications, robotics for example, 
to model time as well as to model how the continuous actions 
of agents evolving during the time. Also, temporal epistemic 
logic can not specify time constraints on its knowledge. For 
example, agent1 knows that message S will be received within 
10 seconds cannot be expressed in the previous   logics. 

To this end, the key contribution of this paper  is  to 
propose a novel framework to model behavior of agents using 
hierarchical hybrid automata and knowledge. To do so, the 
paper proposes a new logic called Hybrid Hierarchical Epis- 
temic Logic (HHEL) that fuses our former HRCTL logic [31] 
with knowledge modalities. This fusion allows us to express 
the epistemic requirements of complex agents modeled using 
hierarchical hybrid automata. To achieve this contribution, the 
paper extends the interpreted systems, the mathematical model 
of epistemic logic, with the semantics of of the hierarchical 
hybrid automata introduced in [41, 39, 19]. As a result of this 
extension, hierarchical hybrid interpreted system is constructed 
and is used to as interpretation model of the proposed   HHEL. 

The reminder of this paper is  structured  as  following.  
Sec. II introduces related work. Sec. III introduces the formal 
syntax and semantics of hierarchical hybrid automata. Sec.. IV 
defines the hybrid hierarchical interpreted systems. Sec. V 
describes both the syntax and semantics of the proposed HHEL 
logic.Sec. VI shows how to use HHEL to specify several 
properties of interest. Finally, the conclusion of the paper is 
discussed in Sec. VII. 

 
II. RELATED WORK 

Several formal theories and  logics  have  been  proposed  
to specify and reason  about  the  knowledge  of  MAS.   In  
[47, 30, 49], for example, they integrated  epistemic  logics 
with temporal logics [45].  Their  proposed  works were able  
to specify those agents Knowledge  that  are  evolving  dur-  
ing time. However, the proposed  efforts  assumed  that  the 
time is  represented  in  discrete  fashion  and  did not take into 
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consideration the continuous evolution of  time.  To  remedy 
the previous shortage, various extensions of epistemic logic 
have been proposed to express the agents knowledge within  
the real time framework [9, 42, 6, 51]. In  the  later  work, 
timed automata [2] – a simple model of hybrid automata–  
have been used to express models of agents. Moreover, the 
previous work extended the interpretation model of epistemic 
logic by integrating the timed automata operational semantics. 
In contrast to this paper, all  the  previous  efforts  did  not  
take into account expressing the agents knowledge evolving 
over continuous actions. Additionally, the model representing 
agents is very simple. The work proposed in this paper uses 
hybrid automata and allows more agents to be modeled using 
hierarchy. 

A bunch of extensions to the temporal logics have been 
introduced to  specify  real  time  requirements  of  MAS  [4,  
3, 14, 22, 29, 46, 38, 8, 26]. These logics used a timed 
transitional, timed automata, or hybrid automata as a model of 
computations however, they are not able to specify epistemic 
knowledge of  the  agent.  Moreover,  the  underline  models  
of MAS do not allow hierarchy. Although there is a logic 
proposed by the author in [31] to specify those requirements  
of systems modeled using Hierarchical hybrid automata, this 
work however, lack to express epistemic  knowledge. 

Similar work was proposed by the same author in [32].  
The proposed logic combined hybrid automata semantics with 
the interpreted system of epistemic logic. The underline in- 
terpreted system of the later logic assumed that each agent      
is modeled as hybrid automaton, and the entire behavior is 
modeled using composition of concurrent hybrid automata. In 
contrast to this paper, the underline system of the proposed 
logic uses Hierarchical hybrid automata to model each agent. 
Additionally, the work of this paper extended the interpreted 
system of epistemic logic with location hierarchy to introduce 
the so called hybrid Hierarchical interpreted  systems. 

 
III. HIERARCHICAL HYBRID AUTOMATA 

Broadly speaking, Hierarchical Hybrid Automata (HHA) 
extend the traditional hybrid automata [23] with notations of 
state hierarchy defined in state-charts [21]. The last notations 
became part of UML [44]. However in the context of hybrid 
automaton, the term state hierarchy is confusing, because the 
term state in this context describes the continuous evolution   
of physical variables at particular time. So, the term state 
hierarchy will be replaced by the term location i.e.; each 
automaton consists of set of locations, instead of set of states. 
Originally hybrid automata have been introduced as formal 
models of hybrid systems. By hybrid systems, it means those 
systems that exhibit both continuous and discrete change of 

of HHA followed by the definition of the basic syntax and    
the operational semantics. This section begins first by giving   
a preliminary definitions for those constraints that appear in 
HHA as well as the defining the concept of   hierarchy. 

 
A. Preliminary 

HHA have several constraints that might appear during 
discrete transition or when continuous evolution takes place. 
Those constraints are defined in what  follows: 

Definition 3.1 (Constraints Linearity): Let R is a set  of  
real number, Y  is an order set of n real variables with    typical 
element yj ∈ Y, and α = 

∑n    aj · yj is a linear composition 
of variables from Y. A set of all constraints ϕ(Y) with typical 
elements φ ∈ ϕ(Y), is defined by the following    syntax: 

 
φ ::= α ∼c a | φ1 ∧ φ2 | True 

where  a ∈ R, ∼c∈ {<, ≤, =, ≥, >}, and φ1, φ2 ∈ ϕ(Y). 
Definition 3.2 (Constraints Evaluation): let υ ∈ Rn repre- 

sents the values of the variables in Y with υj represents the 
jth value in υ. We say that υ satisfies a linear constraint φ, 
written as satisfaction relation υ |= φ, if the following holds. 

 
φ = True. 
φ = 

∑n n 

j=1 aj · yj ∼ c Iff 
∑

i=1 aj · υj ∼ c holds. 
φ1 ∧ φ2 iff υ |= φ1  and υ |= φ2. 

Definition 3.3 (Clock Constraints): Let T ⊆ Y is a set of 
non-negative variables called clocks, and Φ(T) is a set of all 
constraints  over  T.  Let  π  :  T   →  R≥0   is  the  function that 
evaluates the clock variables T. For φ ∈ Φ(T), we say that 
π |= φ, if π satisfies  φ. 

It should be noted that the previous constraints are used to 
control the behavior of the automaton (i.e. they can determine 
the condition on which the automaton must move from a 
location to another, or the condition on which the behavior 
must reside inside the control locations). However, these con- 
straints are not sufficient to represent the continuous evolution 
of behavior. Therefore, in the following the constraints that 
express the continuous dynamics behavior are  defined. 

Definition 3.4 (Constraints Dynamics):  Let Ẏ  be a set the 
first derivatives the variables in Y  with typical element ẏ ∈ Ẏ 

and  D(Y ∪ Ẏ ) be  the  set  of  dynamical  constraints  on  Y ∪ Ẏ 
with a typical element d ∈ D. The set of constraints dynamics 
is defined as the  following: 

 
d ::=  ẏ ∼d  b | ẏ + a · y = b | d ∧ d | T rue 

their behaviors. Informally, a hybrid automaton is defined as a 
finite automaton equipped with differential equations inside the 
locations. The automaton part represents the discrete change  
of behaviors, while the differential equations represents the 
continuous change of behaviors. A complete definition of 
hybrid automaton with illustrative example can be found in  
the previous work [37]. In a previous work[40], hierarchical 
notations were integrated to hybrid automata to introduce 
hierarchical hybrid automata (HHA). This section describes  
the formal definitions of HHA that constitute the basic work 
of this paper. particularly, we begin with the formal definitions 

where a ̸= 0, b ∈ R, ∼d∈ {=, ≥, ≤}. 
Definition 3.5 (Evaluation of Constraints Dynamics): Let 

h  is  a  differentiable  function  defined  as  h  :  R≥0   →  R|χ| 

and h′(t) is the differentiation of h w.r.r time t ∈ R≥0. The 
satisfaction relation h ⊨∗ d, called h satisfies d, is defined as 
the following: 

d = True. 
d = ẏ ∼d  b iff h′(t) ∼d  b  holds. 
d = ẏ + a · y ∼d  b iff h′(t) + a · h(t) ∼d  b  holds. 
d = d1 ∧ d2 iff h ⊨∗ d1 and h ⊨∗ d2. 
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Having defined the constraints, we define how the hierarchy 
is constructed. The concept of location hierarchy is slightly 
adopted from [19].This concept defines particularly the simple, 
composite and concurrent locations  [21]. 

Definition 3.6 (Basic Hierarchy Ingredients):  The 
main constructs of a hierarchical automata is a set of 
locations L = {Lsimple, Lconc, Lcompo} of disjoint subsets, 
Lsimple,Lconc,and Lcompo called simple, concurrent, and 
composite locations respectively with one special location 
l0  ∈ (Lcompo  ∪ Lconc. 

Definition 3.7 ( Hierarchy Formation): For each l ∈ L 
there exists an associated sub-locations sub(l) which is defined 
as the following: 

 
0 ∀ l ∈ Lsimple 

sub(l) = l′ ∈ (Lsimple ∪ Lcompo)  ∀ l ∈ Lcompo 

li ∈ L \ {l0} i ≥ 2 ∀ l ∈ Lconc 

Moreover, each l ∈ L \{l0}, there exists only one function 
sup(l) called superior function of a location l. Hence, it 
must hold sup(l) ∈ Lconc ∪ Lcomp. A concurrent location do 
not have to contain other concurrent locations directly. Each 
transition (l1, l2) between two locations l1 and l2 must keep 
to the hierarchy, i. e. sup(l1) = sup(l2). 

It should be noted that the function sup defined previously 
forms a tree of locations with l0 as its root. This tree represents 
various configurations. The term configuration is a refined 
version of the configuration of the state-charts [21]. In the 
following, we define the configuration [41,  43] 

Definition 3.8 (Configurations): A configuration c denotes 
tree of locations where its root is the initial location l0  of      
the entire automata. For each  l  ∈  (Lconc  ∪ Lcomp)  with  
sup(l) in the configuration, we add sub(l) to the  configuration 
as immediate successors of  sup(l).  Let  ∁  denotes  the  set  
of possible configurations of locations hierarchy. The initial 
configuration c0 ∈ ∁ is obtained from the the initial locations 
of the composed locations. Additionally, for each configuration 
c ∈ ∁ let λ(c) denote the set of all leaves in the configuration 
c. 

It should be mentioned that for each leaf lf ∈ λ(c), it 

• F low   :  Lsimple    →  D(Y ∪ Ẏ )  denotes  a  function 
that assigns a constraint dynamic Flow(l) in each 
l  ∈ Lsimple. 

• Inv : Lsimple → Φ(X) denotes a function that assigns 
a constraint Inv(l) in each l ∈ Lsimple. 

• 
∑

event  denotes a set of  events. 

• E ⊆ L × 
∑

event ×ϕ(Y) × 2Y × L denotes a set of 
transitions between locations. 

• c0 denotes the initial configuration of locations hier- 
archy. 

• v0 ∈ Rn  denotes the initial valuation of the variables 
Y. 

Conveniently,   every   transition   e   ∈   E   is   denoted as 
a,φ,Y 

l1  −−−−→ l2, where l1  and l2  is the beginning location and the 
end location, a ∈ 

∑
event  is a fired event when the transition 

takes place, φ ∈ ϕ(Y) is the condition that must be hod to   fire 
e and Y      ⊆ Y  denotes the set of real variables to be reset. 

Having defined the syntax of HHA, in the following we 
begin to defined the operational  semantics 

 
C.  HHH Semantics 

Usually, the semantics of hybrid automata can be described 
in terms of sequences of states, where each state denotes a 
control location and the valuation of the variables, see [35]   
for details. On the other hand, HHA might be concurrent or 
composite locations. Hence the semantics of HHA can not     
be defined as sequences of states, but using configurations   
and valuation of variable or what are called situations. In the 
following we define the term  situation. 

Definition 3.10 (Situation): At any time instance t ∈ R≥0, 
a situation σ ∈ ∁ × Rn × R≥0 of HHA, Conveniently defined 
as σ = ⟨c, v, t⟩, where c ∈ ∁ is a configuration, v ∈ Rn is the 
valuation of the variables at time t ∈ R≥0. σ |=t  φ means that 
the constraint φ holds in a situation σ at time t, and is defined 
iff v |= φ (i.e., v satisfies φ. A situation σ = ⟨c, v, t⟩ is called 
admissible iff v |= Inv(l) for all l  ∈ λ(c). Two  situations  
σ1  and σ2  are equivalently similar, written as σ1  ≡ σ2, iff    
c1  = c2  = c  and  σi  |=t    Inv(l), for  all  l  ∈ λ(c), i ∈ {1, 2}. 

always must hold that lf ∈ Lsimple. i.e., each leaf of a certain 
configuration is always a simple location. 

 
B. HHA Syntax 

In the following, we define the basic components consti- 
tuting HHA. More details with an illustrative example can be 
found in [40]. 

Definition 3.9 (HHA basics):  HHA is defined as the  tuple 
HHA = (L, Y, sub, sup, Flow, Inv, 

∑
event, E, c0, v0) 

where: 

• L  =  {Lconc  ∪ Lcomp  ∪ Lsimple}  denotes  a  set  of locations  with  l0   ∈  Lcomp  ∪ Lconc   is  the foremost 

The initial situation σ0        represents the initial configuration c0 

and the initial valuations v0  at t = 0 and is denoted as σ0   = 
⟨c0, v0, 0⟩. 

The operational semantics of HHA can be interpreted as a 
labeled transitional system between situations. In the following 
the operational semantics are  defined. 

Definition 3.11 (Operational Semantics): Transitions be- 
tween any two  admissible  situations  σ1 = ⟨c1, v1, t1⟩ and 
σ2 = ⟨c2, v2, t2⟩ is determined either by a discrete or con- 
tinuous (delay) transition, and is defined as the following: 

Discrete change: for a ∈ 
∑

event, there is a discrete 
transition between the two situations σ1 and σ2, written as σ1 a a,φ,Y 

location in hierarchy of  locations. 
• Y denotes a set of n real variables. 
• sub and sup as defined in   3.7. 

−→ σ2, iff t1  = t2  and there is e ∈ E with l1  −−−−→ l2  such 
that l1  ∈ λ(c1) and l2  ∈ λ(c2), v1  |= φ, and v2  |=   Inv(l2). 

Continuous (Delay) change: for a time duration δ ≥ 0, 
there is a delay transition between the two situations σ1  and σ2, 
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1 →  2 1 2 2 

ai 

i −→ i+1 

i 

a 1  →  2 

i 

conventionally denoted as σ   −δ    
σ  , iff c   = c   = c, δ = (t  − 

t1) > 0 is the time duration passed in the configuration c, and ∀ 
l ∈ λ(c) there is a differentiable function h with h ⊨∗ Flow(l) 
under the assumption h(t1) = v1  and h(t2) = v2, and for all       
t  ∈ [t1, t2],  h(t) |= Inv(l). 

Definition 3.12 (Transitions Synchronization):  A   discrete a 

using discrete transition. in the following we define the run by 
means of ranges. 

Definition 3.16 (Run: ranges): A run of HHA ϱH = 
Γ0, a1, Γ1, a2, ..., is a sequence of ranges in which a transition 
from a range Γi to a range Γi+1, denoted as Γi −→ Γi+1, is 
fired, whenever there is a transition σ   

ai    
σ    , where the ∑ 

transition  between  two  situations  σ1   and  σ2,  with  σ1   −→t     
σ2 situations σi  ∈ Γi, σi+1  ∈ Γi+1  and   ai  ∈ event  is event 

is  called  synchronized  iff  there  is  ei    ∈  E, i  ≥  2,  with 
a,φ,Y ei  = li  −−−−→ l′ , it must hold that li  ∈ λ(c1) and l′  ∈ λ(c2). 

fired during the discrete transition between the two  situations. 
Definition 3.17 (Reached range and  situation): A range 

i i 
Γ   is  called  reached  in  a  run  ϱ  ∈  Π(HHA),  if  Γ   ∈  ρ.  A 

The later definition explains that the possibility of multiple 
simultaneous transitions between any two configurations take 
place. 

After defining the situations and the transitional rules 
between them, we define the possible state   space 

Definition 3.13 (dense Situation Space): The dense situa- 
tion  space  of  HHA  is  the  tuple  (θ, −→, σ0),  where  θ      = 
∁ × Rn × R≥0  is the set of all possible situations with initial 
situation σ0 ∈ θ, σ0 = ⟨c0, v0, 0⟩ where v0 ∈ Rn is the 
valuation of the HHA variables in the configuration c0 ∈ ∁ 
at  time  t  =  0  with  v0   |=  Inv(l) for  all  l  ∈  λ(c0),  and 
−→⊆ θ × (η ∪ R) × θ. 

The run of HHA operational semantics produces a se- 
quence of situations in which the transition from a situation to 
another occurs on the basis of the previous semantics. In the 
following, the run and the path of HHA are   defined. 

Definition 3.14 (HHA Path and Run): A finite or infinite 
sequence of admissible situations ϱ = σ1σ2σ3, . . . is called a 
path, where a transition between any two consecutive situation 
is related by a discrete or continuous transition. Let Π(HHA) 
represents the set of all paths of HHA. A run of HHA is a   
path that must start with the initial situation    σ0. 

Based on the previous definition, the path of HHA pro- 
duces infinite situations as the result of continuous transitional 
rules. A possible way to conveniently represent those infinite 
situations is to use a symbolic mathematical way or what we 
call range. This paper follows the way described in [37, 36] 
with a slight modification. 

Definition 3.15 (Range): For a path ϱ ∈ Π(HHA), ϱ = 
σ1σ2σ3, . . . , we call Γ ⊆ θ as a range in ϱ, if Γ repre- 
sents the maximal sub-sequence of consecutive situations in 
Γ = (σi+1 · · · σi+m) ⊆ ρ such that for any two consecutive 
situations σi, σi+1 it must hold that σi relates to σi+1 with a 
continuous  transition  only  i.e.,  σ   −δ     

σ     .  Conventionally, i  → i+1 

situation σ is called reached in ϱ, whenever there is a reached 
range Γ  in which σ ∈  Γ . 

The dense situation space defined in 3.13 is now refined in 
terms of ranges as it  follows: 

Definition 3.18 (range situation space): A range situation 
space of HHA is the tuple (∆, −→, Γ0), where ∆ is the set 
of all possible ranges, Γ0 is the initial range generated by the 
initial situation σ0, and −→⊆ ∆×

∑
event ×∆ is a transitional 

relation  between  ranges  and  is  defined  as  Γ   −a    
Γ   iff  there 

is σ1  ∈ Γ1  and σ2  ∈ Γ2  such that σ1  −→ σ2. 

IV. HYBRID HIERARCHICAL INTERPRETED SYSTEM 

The formal semantics that interpret a temporal epistemic 
formula is called interpreted systems [16]. This paper extends 
the interpreted systems with the semantics of HHA. The 
extension allows us to interpret formulas on both epistemic  
and HHA levels. 

let tt be a set of n agents.For each 
agenti  ∈  tt  with   1   ≤   i   ≤   m,   let   HHAi   = 
(Li, Yi, subi, supi, Flow i, Invi, 

∑
event , Ei, c0i , v0i )  is   its 

HHA, Pi  denotes a set of propositional, Valution  i : Li  → 2Pi 

denotes a function that assigns propositions to each li ∈ Li, 
and loci : ∆i → Li denotes a function that returns  the 
location of the agenti  based on its range state space. Let 
HHA    = (L, Y, sub, sup, Flow, Inv, 

∑
event, E, c0, v0) 

denotes the overall HHA of all agents in tt with, P = 
∪ 

Pi, 
Valuation    :  L   →  2P ,  and  loc   :  ∆   →  L,  such  that 
loc(l) = 

∪ 
loci(li), for each li  ∈ Li, where ∆ denotes the 

possible ranges in tt . In the following, we define the hybrid 
hierarchical interpreted system (HHIS). 

Definition 4.1 (HHIS):  A HHIS is the tuple Ξ = (∆, −→ 

, Γ0, ⋍1, ⋍2, . . . , ⋍n, ν) , where 
• ∆, −→, Γ0  is defined as in 3.18. 

• ⋍i⊆ ∆×∆ is an equivalence relation called epistemic 
the  range  Γ   is  written  as  Γ   =  ⟨c, V, T ⟩,  such  that  T    is 
the total duration time of all situations belonging to Γ  and      
V = (V1, V2, .., Vn) is the tuple of the possible intervals of 
valuations of each variables during T . Let Γ 0 is the initial 
range obtained from the initial situation σ0       using continuous 

accessibility  relation  for  each  agenti   ∈  tt  and is 
defined by Γ1 ⋍ Γ2 iff loc(Γ1) = loc(Γ2) and for 
every situation σi ∈ Γ1 there is a corresponding 
situation σj  ∈ Γ2, provided that σi  ≡ σj . 

Prop 
transitions.  Let  time(Γ )  ⊆  R≥0   denotes  a  function  that • ν  :  ∆ → 2 denotes a function that extends    the 
returns the duration of a range Γ . i.e., if Γ      = ⟨c, V, T ⟩, then 
time(Γ ) = T . 

In the previous definition, the run can be redefined in terms 
of ranges such that a run is represented as a sequence of 
ranges, in which the transition from range to another range 
occurs  whenever  there  are  situations  in  both  ranges related 

function Valuation such that ν(Γ ) = Valuation(loc(Γ ). 

It should be mentioned that the relation ⋍ is the standard 
epistemic relation in the interpreted system of the epistemic 
logic(see [15] for more details and  examples). 

Having defined the knowledge relation of each agent, we 
start to define the group of agents   knowledge 
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M 

M 

M 

M 

M 

M 

Definition 4.2 (Group Hierarchy relation): For a set tt of 
n agents with M ⊆ tt, epistemic relations on a group M   are 

B. Semantics 
Let  Π(HHA)  is  the  set  of  all  possible  ranges generated 

defined as the following: 
• Everybody in M , knows written as ∼=E  = 

∪
 
 
j∈M 

 
⋍j . 

due  to  the  run  of  HHA  with  a  typical       element  ϱΓ = 
Γ0, a1, Γ1, a2, Γ2, . . . , with a typical range Γ = (c, V, T ) 

It is said that Γ1  ∼=
E Γ2  iff for all j ∈ M Γ1 ⋍j  Γ2. Definition 5.2 (Satisfiability of HHEL Formula  ): For a 

• Distributed knowledge, written as ∼=D = 
∩

 j∈M ⋍j . It formula  Ψ of  HHEL,  the  satisfiability  relation  ⟨Ξ, Γ ⟩  ⊨ Ψ 

is  said  that  Γ1  ∼=
D 

Γ 1 ⋍j Γ2. 
Γ2  iff there is j ∈ M , such  that shows that the formula Ψ is true at the range Γ     in the model 

Ξ. The later relation is defined using the   following: 
• Common knowledge is defined as ∼=C  = (⋍E  )+ , such - ⟨Ξ, Γ ⟩ ⊨ l iff l ∈ ν(Γ ). 

M M 
that  + denotes  a  reflexive  transitive  closure  on the 
relation. 

 
V. HYBRID HIERARCHICAL EPISTEMIC LOGIC 

In this section, we define the proposed formal logic HHEL 
that extends our former logic in [31] with epistemic relations. 
This section defines the syntax and semantics of the proposed 
logic. 

 
A.  Syntax 

Let L represents a set of propositions denoting the locations 

Hierarchy (simple, composite, or concurrent), 
∑

event is a set 
of propositions denoting the events, Y is a set of real variables, 
T ⊆ Y is a set of clocks, Φ(Y) Φ(T) are sets of constraints 
on the variables in Y, T respectively, and tt denotes a set of n 
agents, with M ⊆ tt. let clock ∈ T, l ∈ L, event ∈   

∑
event, 

φ ∈ Φ(Y), ω ∈ Φ(T), i ∈ tt, and M  ⊆ tt. The Formulas   of 
HHEL is defined as the  following: 

Definition 5.1 (Formulas of  HHEL): 
Ψ ::= l | event | φ | clock.Ψ | ω | ¬Ψ | Ψ1 ∧ Ψ2 | ∃(Ψ1U Ψ2)| 

 

- ⟨Ξ, Γ ⟩ ⊨ event iff there is ϱΓ   ∈ Π(HHA)   contains 
Γ1 with (Γ, event, Γ1) ∈−→. 

- ⟨Ξ, Γ ⟩ ⊨ φ iff there is σ = (c, v, t) ∈ Γ , with σ |=t  φ. 
- ⟨Ξ, Γ ⟩ ⊨ clock.Ψ iff there is σ = ⟨c, v, t⟩ ∈ Γ and 

there is an evaluation function π ⊆ R0 such that 
π(clock) = t and σ |=t     ϕ. 

- ⟨Ξ, Γ ⟩ ⊨ ω iff there is t ∈ time(Γ ) such that t |= ω. 

- ⟨Ξ, Γ ⟩ ⊨ ¬Ψ iff ⟨Ξ, Γ ⟩ ⊭ Ψ. 
- ⟨Ξ, Γ ⟩ ⊨ Ψ1 ∧ Ψ2 iff ⟨Ξ, Γ ⟩ ⊨ Ψ1 and (Ξ, Γ ) ⊨ Ψ2. 

- ⟨Ξ, Γ ⟩ ⊨ ∃(Ψ1U Ψ2) iff there is a run ρΓ ∈ Π(HHA), 
with ϱΓ   = Γ0, Γ1, · · · , with Γ =Γ0, for some i ≥   0 

⟨Ξ, Γi⟩ ⊨ Ψ2, and ⟨Ξ, Γj ⟩ ⊨ Ψ1 for 0 ≤ j < i. 
- ⟨Ξ, Γ ⟩ ⊨ ∀(Ψ1U Ψ2) iff for every run ρΓ ∈ Π(HHA), 

ϱΓ =  Γ0, Γ1, · · · ,  with  Γ =Γ0,  for  some  i ≥ 
0, ⟨Ξ, Γi⟩ ⊨ Ψ2, and ⟨Ξ, Γj ⟩ ⊨ Ψ1 for 0 ≤ j < i. 

- ⟨Ξ, Γ ⟩ ⊨ KiΨ iff for all Γ1  ∈ ∆ with Γ1  ⋍ Γ then 
∀(Ψ1U Ψ2) | KiΨ | EM Ψ | DM Ψ | CM Ψ 

The previous formulas contain the  paths  quantifiers  of  
the branching computational tree logic [20]. In particular ∀ 
quantifies on all possible paths, and ∃ quantifies on one or 
more paths. The previous formulas also split the proposed logic 
into two groups. The first group is that one that includes a 
formulas of the form x.Ψ denoting that the formula Ψ is true  
at time y. The second group contain the epistemic formulas 
KiΨ denoting the agenti knows that Ψ, EM Ψ denoting "every 
one in the group M knows Ψ", | DM Ψ denoting "a distributed 
knowledge among the group M such that Ψ is true", and finally 
CM Ψ denoting " a common knowledge in the group M such 
that Ψ holds. 

Several other common formulas can be usually represented 
by HHEL as a logically equivalent relation ≡ to certain 
formulas. For example: 

• ∃♢Ψ ≡  ∃(true U Ψ). 
• ∀♢Ψ ≡ ∀(true U Ψ). 

• ¬∃♢Ψ ≡ ∀□¬Ψ. 
• ¬∀♢Ψ ≡ ∃□¬Ψ. 
• K̄ iΨ ≡ ¬Ki¬Ψ. 
• Ē M Ψ ≡ ¬EM ¬Ψ. 
• D̄ M Ψ ≡ ¬DM ¬Ψ. 
• C̄ M Ψ ≡ ¬CM ¬Ψ. 

⟨Ξ, Γ1⟩ ⊨ Ψ. 
- ⟨Ξ, Γ ⟩ ⊨ EM Ψ iff for all Γ1 ∈ ∆ with Γ1 ⋍E  Γ then 

⟨Ξ, Γ1⟩ ⊨ Ψ. 
- ⟨Ξ, Γ ⟩ ⊨ DM Ψ iff for all Γ1 ∈ ∆ with Γ1 ⋍D   Γ then 

⟨Ξ, Γ1⟩ ⊨ Ψ. 
- ⟨Ξ, Γ ⟩ ⊨ CM Ψ iff for all Γ1 ∈ ∆ with Γ1 ⋍C  Γ then 

⟨Ξ, Γ1⟩ ⊨ Ψ. 
Definition 5.3 (Satisfiability): A HHEL formula Ψ is 

called satisfiable in Ξ iff ⟨Ξ, Γ0⟩ ⊨ ϕ, where Γ0 ∈ ϱΓ , and  
ϱΓ   ∈ Π(HHA). 

 
VI. EXAMPLE WITH SPECIFICATION OF  REQUIREMENTS 

As it said previously, the HHEL combines in the same 
framework both epistemic and real time continuous dynamic 
logics. This section concentrates on the specification of those 
kinds of properties that can fuses the expressiveness of both 
logics. I particular, this section focuses on properties of interest 
that can be automatically verified by means of model checking 
[11]. Usually, model checking defined using the so called 
reachability analysis. Before starting to specify  properties,  
this section begins with an illustrative example as a running 
scenario during the rest of the paper. Thid section specifies 
properties on a slightly updated version of train crossing 
interactions found in [40].This example originally is described 
in [24] without location Hierarchy, and is fully explained in 
[40, 48] without epistemic  properties. 
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′ 

′ ′ 

System 
Train 

far near past 
those properties that can not be specified using HRCTL or 
epistemic logic each alone. Consider the following   example: x = 2000 

x ≥ 1000 x =1000 app x ≥ 0 
x =0 
in x ≤ 100 

ẋ  ∈ [−50, −30] 

 

Controller 
app 

 
 
 
 
 
t := 0 

ẋ  ∈ [−50, −40] ẋ  ∈ [30, 50] exit 
x =100 
x: =2000  

φ = ∀□KTrain(t.app → ∀□(t .(x > 100) ∧ t 
 
≤ t + 5)) (1) 

 
app 

 
 
 
 
 

Gate 

to_lower 
t ≤ α 
ṫ = 1 

t := 0 
app 

lower 

idle 
 

ṫ = 0 

 
t := 0 

 

 
Gate 

t := 0 
exit 

raise 

to_raise 
t ≤ α 
ṫ = 1 

 
app 

 

exit The previous formula 1 states that the Train always knows 
that whenever approaching the gate, its distance away from 
the gate is always greater than 100 meters for not less than 5 
seconds. 

φ = ∃♢KTrain(t.app ∧ ∃♢(¬t .to_close ∧ t  ≤ t + 10)) (2) 
 
 
 
 
 
 

g = 90 

 
 

Gate 

 
 
 
 

Opening 

 
 
 
 
 

up open 

 
 
 
 
 
 raise 

This formula 2 states that there is existing a certain 
behavior within the system, in which the Train knows a 
particular  situation  where  it  sends  app  signal  and  the Gate 

      
 
 
 

lower 

g ≤ 90 
ġ  = 9 

g = 90 

to_open 
g = 90 
ġ  = 0 

 

 
 

raise 

will not eventually be closed in 10   seconds. 

φ = Kcontroller(t.lower → ∀♢(to_close ∧ t 
 
≤ t + 5)) (3) 

 
Closing 

 

down closed The formula  3 states that the Controller knows that  whenever 
      g ≥ 0 g = 0 g = 0 lower it transmit a lower  signal, then the Gate eventually will    send 

ġ  = −9 to_close ġ  = 0 to_close signal within 5  seconds. 

As it said before, in order to automatically verify a property 
Fig. 1.    A train crossing interaction as   HHA 

 
 

A. An Illustrative Example 

Fig. 1 (see [40] for details) depicts an example of train 
crossing an intersection. In this example, a train tries to cross 
an intersection safeguarded by a gate. The gate is controlled by 
a controller that enforces it to lower or to raise based on the 
approaching or leaving the interaction. The gate is lowered 
to stop traffic in the intersection whenever the train is ap- 
proaching, and is raised after the train leaving the intersection. 
Initially, the train is at the distance X = 2000 m away from 
the intersection, and it approaches the gate at a speed between 
30 m and 50 m . Once the train approached the gate at distance 

by means of model checking within the proposed HHEL, we 
should concentrate on those parts of HHEL that can be checked 
with reachability. Indeed, several requirements of interest can 
be described in terms of reachability. Broadly speaking, a 
formula φ is called reachable, if , during the run of the 
underline model, it is possible to reach a certain situation in 
which the formula φ holds. In other words, the reachability of  
φ seeks to find a range during the run in which φ is satisfiable. 
The later can be accomplished in HHEL as it    follows: 

 
initial → ∃♢φ (4) 

 
Where initial in the previous formula represents the  initial 

s s situation of HHA model. For example, the following is   the X = 1000 m, it slows down between 40 m and 50 m , and the 
s s specification of the initial predicate in the running example: 

controller, existing on the track, sends app signal to the gate 
asking to lower down within α seconds at a rate of -9   degrees 
per second. After crossing the intersection, the train accelerates 
between 30 m  and 50 m . At 100 meters distance after crossing 

 
 

initial : (c0, [x = 2000, g = 90, t = 0], Time = 0). 
s s 

the intersection, a sensor detects the exit of the train and sends 
exit signal to the controller. After α seconds, the controller 
raises the gate at the rate of 9 degrees per    seconds. 

The locations hierarchy of Fig. 1 can be described accord- 
ing to the Definition of 3.7  as 

- sup(Train) = far and sup(Gate) = opening 

- sup(opening) = up and sup(controller) = idle 

- sup(System) = {Train, Controller, ttate} 

- sub(near) = Train and sub(Train) = System 
 

B. Specification of Properties 

Since HHEL combines the expressive power of HRCTL 
[31] and epistemic logic, several formulas of both logics can be 
directly specified. However, this section focuses on  specifying 

 
Where c0 represents the initial configuration represented as 

the following predicate. 
 

c0=[System: 
[Train:[far:[]]], 

[Gate:[opening:[up: []]]], 

[Controller:[idle:[]]], 

 

] 

 

Usually, computing the reachability begins with the initial 
situation and performing a range space exploration on tran- 
sitions until reaching a stable ranges. In [5], a semi-decision 
algorithm for computing the reachability of a hybrid automaton 
is introduced by the author. Generally, testing the reachability 
of a property within the framework of hybrid automata is 
undecidable except for certain  classes[25]. 

′ 

′ 
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Fro automatic verification, the HHA model together with 
computing the reachability are implemented as a constraint 
logic program as a result of enrichment the work implemented 
in [41] with knowledge. 

 
VII. CONCLUSION AND RELATED WORK 

This paper introduced a new logic called HHEL that com- 
bines HRCTL with epistemic logic.The former logic is used   
to specify behaviors of those systems evolving in continuous 
dynamical environment. Whereas the later logic is used to 
express the knowledge of a group of agents. As a result of    
the previous combination, HHEL allows us to specify several 
properties of interest that can not be specified in HRCTL or 
epistemic logic. To achieve the fusion between the two logics 
into a single framework, the paper extended the underline 
interpreted system of epistemic logic with the formal semantics 
of hierarchical hybrid automata to produce the so called hybrid 
hierarchical interpreted system (HHIS). The interpretation of 
HHEL formula is defined in terms of the HHIS. The paper 
also, showed how to specify certain properties of interest on    
a running example. To take the automatic verification into 
consideration, by means of reachability analysis, it worths 
implementing the proposed logic and incorporating it in the 
model checking tool[48]. 
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